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Simultaneous measurements of neutron star masses and radii can be used to constrain deviations
from general relativity (GR) as was recently demonstrated for the spontaneous scalarization model
of Damour and Esposito-Farèse (DEF). Here, we investigate the general applicability of the same
procedure beyond this single example. We first show that a simple variation of the DEF model
renders the same mass-radius measurements ineffective for obtaining constraints. On the other
hand, a recently popular and distinct model of scalarization that arises in scalar-Gauss-Bonnet
theory can be constrained similarly to the original DEF model, albeit due to a slightly different
underlying mechanism. These establish that using the mass-radius data can potentially constrain
various theories of gravity, but the method also has limitations.

I. INTRODUCTION

Recent advances in the observation of black holes and
neutron stars have led to a wealth of information on both
the astrophysics of these systems and the nature of grav-
ity [1–3]. Gravitational waves have been the major novel
player in this arena, but electromagnetic observations
have also improved substantially, one example being the
x-ray observations from neutron stars [4–6].

Proper modeling of observational data can lead to the
determination of the structure of a neutron star, one in-
genious example being the simultaneous inference of a
neutron star’s mass and radius using x-ray emissions [7].
Once this data is obtained, it can be used to investigate
the underlying physics. For example, for a given stellar
mass, the radius of the star mainly depends on the equa-
tion of state (EOS) of nuclear matter. Hence, one can
invert this relationship, and use the mass-radius data to
determine the EOS, or more properly, constrain it in a
parametrized form [7].

A second factor that affects the mass-radius relation-
ship of a neutron star is potential deviations from general
relativity (GR). Most astrophysical studies assume GR in
their analysis, as was the case for the determination of
EOS we mentioned [7], but the Tolman-Oppenheimer-
Volkov (TOV) equations that are used to compute the
stellar structure can change drastically if the governing
theory of gravity deviates from that of Einstein. Sim-
ilarly to the case of EOS, we can use this relationship
in the reverse direction and use the mass-radius data to
constrain deviations from GR. Here, we will explore the
feasibility of this idea.

Using the mass-radius data to constrain gravity theo-
ries has various challenges. We already mentioned that
the unknown nuclear EOS is also a determining factor of
the stellar structure, hence there is already a fundamen-
tal level of uncertainty in knowing what the mass-radius
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relationship is, even if we exactly know how gravity be-
haves. Secondary factors such as the spin of the neutron
star only make the error bars larger. Moreover, there are
substantial assumptions in the modeling of the events
that lead to the inference of mass and radius from the
x-ray data, bringing yet more uncertainty [7, 8]. Overall,
there is little hope to investigate small deviations from
GR in the near future using mass-radius data. However,
some of the most commonly studied alternative theories
of gravity predict large observational signals, hence the
relevance of our discussion.

Any theory of gravity which largely deviates from GR
in all respects has already been ruled out, since we have
already tested gravity in the weak-field regime of the So-
lar System [9]. Therefore, only theories that substantially
change predictions for strong gravitational fields while
closely following GR for the weak ones are relevant for
our purposes. Scalar-tensor theories that feature sponta-
neous scalarization phenomena are well-known examples
of this [10, 11].

Many scalar-tensor theories admit GR solutions, but
in spontaneous scalarization, these solutions can become
unstable in the presence of a compact object, for exam-
ple, a neutron star. Arbitrarily small scalar fields can
grow exponentially around the star due to a tachyonic
instability, but they eventually settle down to a stable
configuration where the star is surrounded by a scalar
cloud. A scalarized star generically has a substantially
different structure compared to its GR counterpart of the
same mass, which is a hallmark of scalarization and one
of its main appeals. Thus, theories featuring spontaneous
scalarization, often simply called scalarization, are ideal
targets for investigation using mass-radius data.

Tuna et al. [8] recently showed that spontaneous scalar-
ization in the form originally conceived by Damour and
Esposito-Farèse (DEF), which is also the most commonly
studied case, can indeed be constrained using the mass-
radius data. One can obtain bounds on the theory pa-
rameters, or equivalently rule out some parts of the pa-
rameter space.

Even though Tuna et al. [8] demonstrated the power of
mass-radius measurements in principle, it studied only a
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specific form of deviation from GR. Even when we restrict
ourselves to scalarization, there are different mechanisms
due to various coupling terms between the scalar fields
and the metric, leading to very different observable signa-
tures [11]. Different choices of coupling lead to different
models of scalarization, which are no less well-motivated
or interesting than the original DEF model. Thus, it is
not known how widely applicable the mass-radius data is
in constraining deviations from GR, even when we only
consider theories that feature spontaneous scalarization .
We will explore this issue by studying two widely popular
scalarization models, and try to see how they differ from
the original DEF model in terms of being constrained by
the mass-radius data [8].

The first example is an extension of the DEF model
with a different coupling behavior at large scalar fields,
φ→∞. This model is motivated by renormalization con-
cerns, and is also known to provide a radically different
phenomenology when one of the main coupling constants
of the theory, β, reverses its sign [12–16]. The second
example features a coupling between the scalar and the
Gauss-Bonnet term. Such scalar-Gauss-Bonnet models
are the most widely studied ones in recent years due
to the fact that they allow scalarization of black holes
in addition to neutron stars, unlike the original DEF
model [17, 18].

We show that the mass-radius data is quite ineffective
in constraining the first model. This is because the neu-
tron star structures have relatively small deviations from
GR compared to the original DEF model. We already
mentioned that the mass-radius data is not expected to
be very useful in such a situation, hence, this is also a
lesson about spontaneous scalarization itself. Namely,
some simple changes to the original DEF model can lead
to theories where the original promise of large deviations
from GR is weakened, or even lost altogether.

On the other hand, the mass-radius data is able to
constrain the parameter space of the second model with
Gauss-Bonnet coupling. The bounds we obtain are some-
what weak, but they demonstrate the effectiveness of our
approach. Overall, we conclude that the mass-radius
data is useful in testing alternative theories of gravity
beyond the original DEF model, but it is by no means
generically effective.

The rest of the paper is organized as follows. In Sec. II
we explain the basic mechanism of scalarization and the
specific scalarization models we study. In Sec. III we
summarize the methods we use in order to obtain the
mass-radius relationships theoretically predicted by the
said models, and how the theory is compared to the ob-
servational data using Bayesian analysis. In Sec. IV we
present the results of our analysis, and in Sec. V we dis-
cuss them together with potential future directions. We
use the gravitational units G = 1 = c in our equations.

II. SCALARIZATION IN VARIOUS MODELS

Here, we provide a summary of spontaneous scalariza-
tion and its extensions. A comprehensive review of the
topic can be found in Doneva et al. [11].

A. Basics of spontaneous scalarization and the
DEF model

The idea of spontaneous scalarization was first intro-
duced by Damour and Esposito-Farèse for a scalar-tensor
theory with the action [10]

1

16π

∫
d4x
√
−g

[
R− 2gµν∇µφ∇νφ

]
+ Sm

[
fm, A

2(φ)gµν
]
. (1)

This formulation is in the so-called Einstein frame where
the gravitational part of the action is the same as GR.
However, in the matter action Sm, any matter field, de-
noted by fm, couples to the conformally scaled metric
g̃µν = A2(φ)gµν , the so-called Jordan frame metric.1 We
will denote quantities such as the stress-energy tensor
associated with this metric with tildes throughout.

In spontaneous scalarization, the uniform φ = 0 solu-
tions correspond to GR, and they are valid solutions of
the scalar-tensor theory. However, this trivial configu-
ration becomes unstable around neutron stars, and any
small scalar perturbation grows to reach another solu-
tion where the star is surrounded by a typically large
scalar cloud [11]. These clouds lead to potentially large
deviations from GR near neutron stars, whereas there is
no scalarization near less compact objects, meaning the
weak field tests such as those within the Solar System
are automatically passed.

The underlying mechanism for scalarization can be
seen in the scalar equation of motion

�gφ = −8πA4 d (lnA)

d(φ2)
T̃ φ

≈ −8π

[
A4 d (lnA)

d(φ2)

]
φ=0

T̃ φ ≡ m2
eff φ (2)

where T̃ is the trace of the stress-energy tensor associ-
ated with g̃µν , and we linearized the equation for small
values of φ on the second line. Then, this becomes a gen-
eralized form of the massive wave equation where m2

eff
is a spacetime-dependent effective mass squared. The
key point is that m2

eff can have either sign. When it is
negative, small scalar field perturbations can behave as
tachyons, leading to exponential growth. This growth

1 Another formulation of the theory using the Jordan frame metric
would have minimal matter coupling, but instead directly couple
the Ricci scalar R̃ to the scalar field [11].
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can eventually stop due to nonlinear effects, and the
scalar field can obtain a stable configuration. In other
words, we say the star is scalarized [11, 19].

For a “typical” neutron star, the pressure is much
smaller than the energy density, p̃ � ρ̃. This means
T̃ = −ρ̃ + 3p̃ ≈ −ρ̃ < 0, where we assumed that the
nuclear matter behaves as a perfect fluid. Thus, if the
conformal coupling has a Taylor expansion of the form

A(φ) = 1 + βφ2/2 +O(h3), (3)

with β < 0, spontaneous scalarization can occur due to
m2
φ becoming negative. This description might suggest

that any matter distribution leads to scalarization when
β < 0, which is not the case. Outside the star, there
is vacuum, hence m2

φ = 0. When this and other factors
from spherical symmetry are taken into account, one can
see that only sufficiently negative values of m2

φ lead to a
tachyonic instability. In other words, for a given β < 0,
only stars with sufficiently large densities scalarize. For
|β| ∼ 1, this only occurs for neutron stars [11, 19].

There are infinitely many choices for A(φ) that fol-
lows the pattern in Eq. (3), but by far the most com-
monly studied case is what we will call the quadratic DEF
model2

A = eβφ
2/2 (quadratic DEF model) (4)

= 1 +
β

2
φ2 +

β2

8
φ4 + . . . . (5)

Our naming is due to the fact that in the φ → ∞ limit,
the coupling function behaves as an exponential of a
quadratic polynomial of the scalar: lnA(φ → ∞) ∼ φ2.
Recall that what stops the tachyonic growth and pro-
vides the final stable scalarized solution is the nonlinear
effects, hence the behavior of A(φ) in this asymptotic
limit has an important role in determining the structure
of the star.

So far, we only discussed the typical case of T̃ < 0
that requires β < 0, however, T̃ can change sign near the
core of massive enough neutron stars for some nuclear
equations of state [12–16]. When T̃ > 0, the requirement
for the onset of scalarization, m2

φ < 0, is satisfied only
if β > 0. Thinking in the reverse direction, for β > 0,
most neutron stars would not scalarize, but there could
be exceptions when the stellar mass is high. This case
is intimately connected to extensions of the DEF model
beyond the quadratic case in Eq. (4) as we will see next.

2 Damour and Esposito-Farèse considered a few different functions
A(φ) in their original study [10]. However, Eq. (4) became by
far the most widely studied one in the subsequent literature,
and has been sometimes simply called the DEF model. We add
the “quadratic” adjective to our naming to avoid confusion with
other forms of A(φ).

B. Linear DEF model

There are various ways to modify the DEF model we
have discussed so far. In this study, we will concentrate
on how the form of A(φ) affects the results. The second
form of A(φ) we will study is what we call the linear DEF
model

A =
(

cosh
√

3βφ
)1/(3β)

(linear DEF model) (6)

= 1 +
1

2
βφ2 +

β2 − 2β3

8
φ4 + . . . , (7)

which was originally popularized by Mendes and Ortiz
[15]. The naming is again due to the asymptotic be-
havior lnA(φ → ∞) ∼ φ. Hence, the coupling changes
considerably more slowly in the φ → ∞ limit compared
to the quadratic DEF model, and consequently, the final
scalarized solutions can be radically different from those
of the quadratic DEF model.

What is the reason for the specific choice in Eq. (6)?
One motivation is related to the renormalizability of
scalar-tensor theories [15], but the main interest in the
scalarization literature is due to the stability issues of
scalarized solutions.

We mentioned that the tachyonic instability that starts
the scalarization process can be quenched by nonlinear
terms we ignore in the linearized equation (2), but this is
not always the case. A key finding is that all scalarized
stars in the quadratic DEF model with β > 0 are known
to be unstable [12–16]. On the other hand, the linear
DEF model of Eq. (6) can have stable scalarized stars,
which means it is the only choice for this part of the β
parameter space out of the two models we have.

Our discussion of how the existence of a tachyonic in-
stability depends on β in the quadratic DEF model also
holds for the linear DEF model, such as the appearance
of scalarization only at sufficiently large values of stellar
mass. However, unlike the quadratic DEF model that has
been constrained using the mass-radius data [8], there
has been no study on the linear DEF model. More gen-
erally, even though it is one of the more widely studied
cases, the linear DEF model is known in much less detail
compared to the quadratic one.

C. Scalar-Gauss-Bonnet model

Spontaneous scalarization is not restricted to actions
of the type in Eq. (1). Another scalar-tensor theory sub-
family that provides a similar phenomenology is scalar
Gauss-Bonnet (sGB) theories [17, 18, 20]

S =
1

16π

∫
d4x

[
R− 2gµν∇νφ∇µφ+

βGB

R2
0

f(φ)G

]
(8)

where

G = RµνρσRµνρσ − 4RµνRµν +R2, (9)
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Model Coupling

Quadratic DEF A = eβφ
2/2 in Eq. (1)

Linear DEF A =
(
cosh

√
3βφ

)1/(3β)
in Eq. (1)

sGB f =
[
e−σφ

2

− 1
]
/(2σ) in Eq. (8)

TABLE I. The three spontaneous scalarization models we dis-
cuss in this study.

is the Gauss-Bonnet invariant and βGB is a dimension-
less coupling constant. R0 = 1.47664km is the typical
length scale of the problem corresponding to one solar
mass in geometric units, which is introduced to render
βGB dimensionless [20].

The scalar obeys

�ϕ = −βGB
df

dφ
G ≈ −βGB

d2f

dφ2

∣∣∣∣
φ=0

Gφ = m2
eff φ, (10)

where we again linearized the equation around φ = 0
similarly to the DEF model in Eq. (2). Hence, there
are coupling functions f(φ) which lead to m2

φ < 0 and
spontaneous scalarization.

There are again infinitely many choices of f(φ) that
allow scalarization. However, following the literature, we
will concentrate on the single parameter f(φ) family [17]3

βGBf(φ) = βGB
e−σφ

2 − 1

2σ
(sGB model) (11)

= −βGB

2
φ2 +

βGBσ

2
φ4 + . . . , (12)

whose asymptotic behavior (φ→∞) is similar to that of
the quadratic DEF model, and call this specific case the
scalar-Gauss Bonnet (sGB) model.

Note that the existence of the tachyon at the linear
level is completely controlled by βGB, m2

eff = βGBG +
O(φ3), which is analogous to β of the DEF models. βGB

also controls the overall level of deviations from GR to
a large degree, as we will discuss later. σ does not play
a role in the onset of scalarization, however, it controls
the leading nonlinear corrections and the φ→∞ regime,
hence it significantly affects the mass and radius of a
scalarized star. There is no analog of σ in the DEF mod-
els which have the single parameter β that controls the
fully nonlinear as well as the linearized behavior of the
scalar coupling.

III. METHODS

We want to compare the mass-radius diagrams implied
by a given spontaneous scalarization model to observa-

3 Doneva and Yazadjiev [17] use different symbols: βGB → λ2,
σ → β. We made these notation changes in order to avoid con-
fusion with the parameters of the DEF models, and highlight the
analogy of β in the DEF models and βGB in the sGB model.

tional data, so that we can obtain bounds on the model
parameters. This comparison requires the following:

1. The computation of single neutron star structures
for different models and a range of parameters

2. Repeating the single star computations for a range
of slightly differing stars in order to obtain a mass-
radius curve for each parameter set

3. Assigning a likelihood to the theoretical mass-
radius curves, hence to the corresponding parame-
ters, by comparison to the mass-radius data using
Bayesian analysis

These steps were implemented for the quadratic DEF
model (and its massive scalar extension) in Tuna et al.
[8], which can be consulted for details. Here, we provide a
summary, and also elaborate on the differences from that
work. The three models of scalarization we investigate
can be found in Table. I for easy referencing.

A. Computing the mass-radius curves

The structure of a single neutron star for a given set of
theory parameters, β or (βGB, σ), is obtained by solving a
modified version of the TOV equations [10, 19]. We cast
these equations as a boundary value problem, and solve
them using relaxation, an approach introduced by Rosca-
Mead et al. [21] and later extended by Tuna et al. [8]. For
this same set of model parameters, e.g. fixed values of
(βGB, σ) in the sGB model, this process is repeated many
times to obtain a continuous group of neutron stars differ-
ing by their masses and radii, which tells us how the mass
of a star depends on its radius, the so-called mass-radius
relationship. See Fig. 1 for some simple examples. There
are various sources of uncertainty in obtaining the mass-
radius curve for a given scalarization model [8], which
have important consequences for our methodology.

First, the structure of a neutron star is strongly depen-
dent on how nuclear matter behaves inside them, which
is not known to a high precision. Hence, deviations from
GR are only one of the factors that determine the mass-
radius curves. Indeed, the mass-radius data set we utilize
here was originally used to constrain the EOS of neutron
star matter under the assumption that gravity is gov-
erned by GR [7]. For this reason, we repeat each compu-
tation for a variety of EOS and report individual cases as
well as the probabilities that are marginalized over these
EOS. This provides a measure of the effect of scalariza-
tion notwithstanding the EOS, but there is an intrinsic
uncertainty nevertheless. We should note that this is not
a problem specific to our case, any method that tries to
investigate deviations from GR using neutron stars gen-
erally has to address this issue.4

4 There are tests that are relatively insensitive to EOS, which go
under the umbrella term of universal relations [22].
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The second source of uncertainty in our results is the
simplifying assumptions in our computations in order to
make them tractable. All our neutron star mass and
radius values are obtained assuming a spherically sym-
metric spacetime, however, astrophysical neutron stars
do not have this symmetry due to their rotation. Rota-
tion is typically a subleading factor in scalarization aside
from the extreme cases, but ignoring its effect brings in
another layer of uncertainty [8, 23].

Lastly, the mass-radius data set we use was inferred
under the assumption that the gravitational effect of the
neutron star mass is the same everywhere outside the
star. This is the case in GR since the spacetime can be
described by the Schwarzschild metric, which has a sin-
gle mass parameter M . However, the spacetime is more
complicated when the scalar-tensor theory of our mod-
els are considered, and the analog of the mass parameter
becomes a function that depends on the radial distance
from the star, M(r). Then, what is meant when we say
the mass of the star? Whenever we talk about the neu-
tron star mass in this study, we will exclusively mean
the mass of the star gravitationally deduced at asymp-
totically far regions, the Arnowitt-Deser-Misner (ADM)
mass. Tuna et al. [8] showed that the inferred results from
the Bayesian analysis can be affected by this choice, but
not in a qualitative way. Yet, this should be recognized
as a source of uncertainty.

The overall result of the above points is that even if
we find that the posterior likelihood of a scalarization
model is larger than that of GR at face value, the statis-
tical significance of such a result is hard to make precise.
Furthermore, the same level of likelihood increase can
also be obtained by “optimizing” our choice of EOS due
to the degeneracy in the dependence of the mass-radius
relationship on the EOS and deviations from GR. Be-
cause of this, we will be conservative and refrain from
claims of detecting deviations from GR.

On the other hand, the situation is not symmetri-
cal when we try to rule out certain parameter values
of a scalarization model, which is possible. For exam-
ple, Tuna et al. [8] showed that in the β � −1 case of
the quadratic DEF model, the posterior likelihood decays
exponentially as e−c|β| for all EOS. This is because the
mass-radius curves of this model become radically differ-
ent from those of GR for such β values. Perhaps more
importantly, the curves move towards the M > 2M�
region whereas the observational data largely shows the
stars to have M . 2M� as we will discuss further later.
This means the overlap of the theoretical curve with the
observations becomes tiny, even when all modeling un-
certainties are taken into account. Hence, such values
can be ruled out.

The approach we outlined provides a lower bound of
β & −15 on the quadratic DEF model [8]. This is weaker
than other bounds obtained from binary star observa-
tions [24–26], but it shows that the idea of testing GR
with mass-radius data works in principle. Furthermore,
the only known bound on the quadratic DEF model when

FIG. 1. Hydrodynamically stable (solid lines) and unstable
(dashed) poritons of the mass-radius curves for different EOS
under GR. See Sec. III D for more information about the EOS.

the scalar is massive was also obtained from the neutron
star mass-radius data: β & −20 given mφ . 2×10−11eV,
mφ being the mass of the scalar field.

B. Stability of solutions

An astrophysical object can never be completely iso-
lated from its environment, hence, the only relevant so-
lutions of the TOV equations, scalarized or not, are the
ones that are stable under small perturbations. There are
two main reasons a solution we compute can be unstable.

The first source of instability is hydrodynamic. How
does the star behave if we perturb its matter distribution
slightly, does it go back to the original configuration, or
move away from it further? A commonly used, necessary
but not sufficient, condition for hydrodynamic stability
under GR is [27]

dM

dρ̃c
> 0 , (13)

where dρ̃c is the central density of the star. In a crude
description, if a star does not obey this condition, it
can decrease its total mass, hence energy, when its ra-
dius slightly decreases and its central density increases.
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Hence, inward radial perturbations are energetically pre-
ferred, so the star simply wants to collapse on itself. The
situation is more complicated in scalar-tensor theories,
but the same criterion is observed to hold for scalarized
stars as well, which we will assume in all cases [8, 16]. Hy-
drodynamically stable and unstable sections of the mass-
radius curves under GR for various EOS can be seen in
Fig. 1.

We should reiterate that condition (13) is not sufficient
for hydrodynamical stability, and it is indeed known that
there are neutron stars that satisfy this condition but are
unstable. For us, the chief example is the β > 0 case of
the quadratic DEF model we mentioned. A detailed anal-
ysis of the quasinormal modes of scalarized stars in this
model shows that some fluid perturbations grow expo-
nentially rather than oscillate. Hence, there seems to be
no astrophysically relevant scalarized solutions [16]. Nev-
ertheless, a short discussion of these stars can be found
in Appendix A.

The second source of instability is scalarization itself.
We already mentioned that scalarization appears due to
a tachyonic instability, which makes the scalar field grow
starting from a GR solution. The growth can eventually
stop due to nonlinear terms, leading to a stable scalar-
ized neutron star, but this is not guaranteed. That is,
there are cases where a neutron star of mass M in GR
is known to be unstable to scalarization, yet there is no
stable scalarized solution at the same mass, or no scalar-
ized solution at all. Then, what is the endpoint of the
scalarization process? The star might lose some of its
energy via gravitational and scalar radiation, moving to
a less massive stable solution, or it might collapse on it-
self to end up as a black hole. Studies on the nonlinear
evolution of such cases are few, but we know that there
is no stable neutron star at such a mass, scalarized or
not [11]. This will be an important for constructing the
ultimate mass-radius curve for a given model.

How do we know that a star is tachyonically unsta-
ble? One can investigate any given star by lineariz-
ing the equations as in Eq. (2), and then performing a
spherical mode analysis to obtain Schrödinger-like equa-
tions [11, 17]. However, the dependence of scalarization
on the neutron star mass for each scalarization model
makes the determination of stability easier.

First, let us reexamine the quadratic DEF model with
β < 0, the most commonly studied scalarization scenario.
We already mentioned that the tachyonic instability oc-
curs only above a minimal stellar mass M , which cor-
responds to a minimum central density ρ̃c since there is
a one-to-one correspondence between these two quanti-
ties for hydrodynamically stable stars due to Eq. (13).
However, note that this does not mean all stars above
this minimal central density are tachyonically unstable,
since the pressure becomes more and more important as
densities increase, and T̃ = −ρ̃ + 3p̃ can start to de-
crease for the most massive stars. Because of this, GR
solutions above a certain mass may not have a tachyonic
instability, meaning there are scalarized stars in a mass

range, and we have the unscalarized solutions both be-
low and above this. This is not a necessity, T̃ may never
become small enough depending on the EOS and β. In
that case, all stable solutions above a certain mass are
scalarized. These results have been directly confirmed in
explicit computation of scalarized neutron star structures
using the modified TOV equations [10, 11, 19]. The onset
of scalarization is similar in the linear DEF model, which
follows the same dependence of scalarization on neutron
star mass for β < 0.

The situation is different for β > 0, which is only rele-
vant for the linear DEF model. Recall that scalarization
requires T̃ > 0 now, which can only occur for massive
enough stars, and T̃ typically increases monotonically
once it changes sign. Hence, there is not an upper limit to
M or ρ̃c where scalarization stops, and once we determine
the least massive star susceptible to the tachyonic insta-
bility, we know that all stars with higher mass are also
susceptible. We should, however, remember that there
is no guarantee for this instability to end in a scalarized
neutron star solution.

Lastly, in the sGB model where we only consider
βGB > 0, G has a role somewhat analogous to T̃ , cf.
Eq. (10), for β > 0. That is, G behaves monotonically
with increasing stellar mass [20]. This means that this
model also behaves similar to the β > 0 case of the linear
DEF model in that once the tachyonic instability appears
at a certain M (equivalently a certain ρ̃c) value, all stars
above that mass are also unstable to scalarization.

We want to reiterate that the ultimate test for instabil-
ity is nonlinear time evolution, which would indeed show
that the solution evolves away from the initial configura-
tion. Such studies have been limited to very few cases,
but linearized mode analysis has confirmed the above re-
sults so far [11, 16, 20], hence we will assume them to
hold in general.

C. Trends on the model parameter spaces

The mass-radius curves we obtained following our
recipe can be found in Fig. 2 for the linear DEF model
and in Fig. 3 for the sGB model. We see that there are
cases where there is more than one star solution with the
same mass M , even when GR is assumed. Then, either
one of the solutions will be the stable one, and this is
the solution we will later use for the Bayesian analysis,
or there will be no stable solution at all.5

Let us start with the linear DEF model in Fig. 2, where
we plot the curves for both the quadratic and linear DEF
models for comparison. Recall that sufficiently negative

5 It is possible that in some cases there are metastable solutions,
solutions that are robust against small perturbations, but go to
an even more stable configuration with lower total energy if the
disturbance is strong [8]. We will not consider such configura-
tions, but their investigation is an interesting project on its own.
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FIG. 2. Mass-radius and mass-central density diagrams of
the linear (blue) and quadratic (red) DEF models for β = −8
(lower) and β = 92 (top). HB EOS is used for both cases.
Solid lines refer to the hydrodynamically stable solutions and
dashed lines to the unstable ones. Deviations from GR for
the linear case is much smaller than that of the quadratic
one, which is especially pronounced for β > 0.

values of m2
eff are needed for scalarization. Hence, there is

an interval of β around zero (that also mildly depends on
EOS), βmax > β > βmin, where there is no scalarization.
Since scalarization is known to change in a continuous
manner, we also expect deviations of the scalarized mass-
radius curves to be closer to those of GR for low |β|,
and grow as |β| → ∞. which is observed in all existing
work [11]. These points are confirmed with numerical
computations.

A radical difference between the quadratic and linear
DEF models in Fig. 2 is the amount of deviation from
GR. For the same β value, the linear model always pro-
vides smaller deviations when both models have stable
solutions. Even without any formal statistical analysis,
this is a strong indication that the constraints that can be
obtained from mass-radius data on the linear DEF model
are weaker than those on the quadratic one, which will
be the case in our results.

In light of our instability discussion in Sec. III B, note
that for β > 0 any GR solution whose mass is above the
maximum of the scalarized branch is also tachyonically
unstable, e.g. β = 92 in Fig. 2. Hence, the maximum
astrophysically observable neutron star mass in the linear
DEF model with β > 0 is always less than the case of
GR.

The general trends of the mass-radius curves of the
sGB model as we move on the (βGB, σ) parameter space

FIG. 3. The mass-radius and mass-central density diagrams
for different parameter values of sGB theory and for 2B EOS.
Hydrodynamically unstable solutions are shown with dashed
lines.

can be seen in Fig. 3. Recall that βGB alone determines
if there is a tachyonic instability or not, hence the onset
of scalarization. On the other hand, σ is important to
determine the structure, e.g. the stellar mass and radius,
of the final scalarized star since it controls the coupling
for higher values of φ. This can be clearly seen in the
figure. For a given βGB, the mass-radius curves corre-
sponding to different σ are different, but they all branch
off from the GR curve at the same point, the onset of
scalarization.

We know that there is no tachyonic instability, hence
no scalarization, below a nonzero value of βGB, see
Eq.(10). Similarly, the nonlinear effects are extremely
strong, and suppress the tachyonic instability even for
small values of φ when σ →∞, hence low levels of scalar-
ization and neutron star structures similar to those of GR
are also expected in this part of the parameter space.
That is, we expect star solutions to approach those of
GR in the βGB → 0 and σ →∞ limits. Both trends are
apparent in Fig. 3.

Instability considerations render some parts of the
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mass-radius curves astrophysically irrelevant for both
models. One prominent example is the σ → 0 limit in
the sGB model. For any given value of βGB in Fig. 3,
the scalarized branch satisfies dM/dρ̃c < 0 everywhere
if σ is below a certain critical value which we will de-
note with σcrit(βGB). This means all such solutions are
hydrodynamically unstable due to Eq. (13):

σ < σcrit(βGB) ⇒ all scalarized stars are unstable.
(14)

So, even though we can find equilibrium scalarized star
solutions for σ < σcrit(βGB), these are not astrophysically
relevant, and will not be part of our statistical analysis.

Eq. (14) has drastic consequences for the sGB model in
light of our stability discussion. Any star that has a mass
above where the scalarized branch leaves the GR branch
is unstable. For example, when βGB = 256, σ < 100 (see
Fig. 3), we would only have stable neutron stars with
M . 0.9M�. Moreover, when there are stable scalarized
stars, any GR solution whose mass is above the most
massive stable scalarized solution is also unstable, as in
the linear DEF model. One example is the GR solutions
(black line) with M > 1.37M� in the case of βGB = 256,
σ = 200 in Fig. 3. These points will be essential in our
Bayesian likelihood computation.

D. Bayesian analysis

Our statistical approach also follows Tuna et al. [8],
who in turn followed Ozel et al. [7]. To summarize, we use
Bayesian inference to obtain posterior likelihoods for a set
of parameters {π}, using the mass-radius measurements
of N = 14 stars, 12 obtained in Ozel et al. [7], and 2 in
Bogdanov et al. [28]. The set of model parameters can
be defined as

{π} ≡ {βn, λ} (15)

where λ stands for the EOS and βn’s are the dimen-
sionless parameters of each model we investigate, e.g.,
{πGB} = {βGB , σ, λ} for the sGB model.

Each mass-radius measurement in the dataset we used
is a likelihood distribution Pi(M,R) with i = 1, . . . , N .
Therefore, to obtain the posterior likelihood of a certain
set of parameters given the data, P ({π}|data), we use
Bayes’ theorem

P ({π}|data) = NP (data|{π})PPri({π}) (16)

where N is the normalization constant and PPri({π}) is
the prior likelihood of the parameters. We can also write
the likelihood of the dataset as a product of the likelihood
of each individual data point

P (data|{π}) =

N∏
i=1

Pi(M,R|{π}) , (17)

FIG. 4. Mass-radius curves for HB EOS for various scalar-
ization models, together with the contours of the mass-radius
probability distribution for the star KS1731-260. Stable stars
that are compared to the mass-radius measurements for our
Bayesian analysis are solid, and the unstable ones due to hy-
drodynamics or scalarization are dotted. Upper left: Linear
DEF model with β = 92 where the GR solutions above the
maximum mass of the scalarized branch are unstable to scalar-
ization, hence the maximum mass is lower than the GR case.
Upper right: Linear DEF model with β = −8 where the max-
imum mass is on the scalarized branch, and is higher than the
GR case. Lower right: sGB model with βGB = 196, σ = 150
where the maximum mass is lower than the GR case and is
on the scalarized branch, like the upper left. Lower left: sGB
model with βGB = 484, σ = 150 where the scalarized branch
is completely hydrodynamically unstable and GR stars above
the point of branch-off are unstable to scalarization, hence,
we only have a smaller portion of the GR mass-radius curve.

where we used the fact that each data point corresponds
to the probability distribution of a neutron star mass-
radius measurement, Pi(M,R), as we discussed earlier.

Since each neutron star mass-radius curve can be
thought of as a one-to-one function of mass, i.e., for
a given set of parameters {π} one can write R =
R(M ; {π}), it is possible to turn the expression above
into an integral by marginalizing over M as

Pi(M,R|{π}) =

∫ Mmax

Mmin

Pi(M,R(M ;{π})

×PPri(M)dM. (18)

That is, the likelihood of an individual neutron star mass-
radius measurement for a given set of parameters {π} can
be calculated by integrating over the mass-radius curve
determined by R(M ; {π}). We take the prior likelihood
of the mass of the neutron star PPri(M) to be flat as has
been the case in the literature [7, 8].

Recall that there is at most one stable star for a given
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mass value M , which means all astrophysically relevant
solutions will form a single parameter family, the param-
eter being M . Following our stellar stability discussion in
the previous section, the theoretical mass-radius curves
can have various different structures, some of which we
present in Fig. 4 juxtaposed with the mass-radius distri-
bution for one of the stars in our data set.

Five different piecewise-polytropic EOS are used to
demonstrate the behavior of the nuclear matter: 2H, H,
HB, B, 2B introduced in Read et al. [29]. They cover a
wide range of physical possibilities ranging from the very
soft (2B) to the stiffest (2H), which sufficiently serves
our purpose of observing the leading effects of EOS on
constraining scalarization models. We will see that 2H
EOS will contribute insignificantly to the posterior like-
lihood, the underlying reason being the radically large
masses and radii it predicts as can be seen in Fig. 1.
These mass-radius curves have little to no overlap with
the mass-radius data of some of the stars (M28, X5, and
X7 of Ozel et al. [7]) even after scalarization effects are in-
cluded, hence the low posterior likelihood. Nevertheless,
we kept all five EOS for the sake of completeness.

As for the model parameters, we will have two separate
prior choices. First, we use flat prior distributions in all
cases: β ∈ [−202, 212] for the linear DEF model; βGB ∈
[36, 900], σ ∈ [50, 700] for the sGB model. Together
with a flat prior on the EOS parameter, we call this the
simple flat prior. These values cover all the parameter
ranges of interest in the literature so far.

The simple flat prior has some subtle points for the
sGB model. This model is known to have purely theo-
retical well-posedness problems for high values of βGB,
where the theory may not be mathematically meaning-
ful to start with [30–32]. Hence, using this finite inter-
val for βGB is well-motivated. As for σ, recall that the
neutron star structures become identical to those of GR
when σ → ∞. This means, there is an infinitely large
part of the (βGB, σ) parameter space where the posterior
is identical to that of GR, and this part can artificially
dominate the Bayesian analysis if arbitrarily large values
of σ are considered. One would like to avoid these parts
of the parameter space where the theory is identical to
GR even though it uses a complicated machinery with
extra parameters. One potential choice is weighting the
prior so that this infinite-but-useless region is punished,
such as e−κσ with κ > 0. We made the simpler choice
of a sharp cutoff at the quite large value of σ = 700 as
a conservative approach.6 Also note that the natural ex-
pectation is that the dimensionless parameter σ is not
much larger than unity, which further supports a finite
range for σ.

Our second prior on the model parameters is simply re-

6 Tuna et al. [8] encountered a similar issue for one of their pa-
rameters, the scalar mass mφ, and showed that using different
priors to avoid the infinitely large region with nonzero posterior
provides qualitatively similar constraints.

stricting the simple flat prior to the cases where the max-
imum theoretically possible neutron star mass is at least
two solar masses, 2M�, which is known through separate
observations [33, 34]. We call this the restricted prior.
Factors such as high spin increase the theoretical max-
imum stellar mass, and some mass measurement tech-
niques have relatively high error bars, hence we picked
this relatively conservative value as our cutoff. 2B and
B EOS under GR are already ruled out in this prior, see
Fig. 1. This does not mean that considering these EOS
is meaningless, since the maximum theoretically allowed
mass for a neutron star under scalarization can increase
compared to GR, linear DEF model with β < 0 in Fig. 4
being a well-known example. Nevertheless, we will see
that scalarization will not change the GR picture, and
these EOS will be practically eliminated in the posterior
likelihood for the restricted prior.

In summary, the simple flat prior represents an analysis
that purely relies on the simultaneous mass-radius mea-
surements from the x-ray data, whereas the restricted
prior incorporates additional observations. We will see
that both priors lead to qualitatively similar conclusions.

IV. RESULTS

A. Extensions of the DEF model

We first perform the Bayesian Analysis of the previous
section on the linear DEF model to obtain the posterior
probability distribution P (β, λ|data). The unnormalized
conditional probability for each EOS λ

Pλcond(β) ≡ P (β, λ|data) , (19)

and the marginal probability

Pmarg(β) ≡
∑
λ

P (β, λ|data) =
∑
λ

Pλcond(β) (20)

are useful in interpreting the posterior. The former tells
us the behavior when we assume each of the EOS, hence
comparing these provides information about how much
our results depend on nuclear physics. It also shows the
relative probability of each EOS in the posterior since
we do not individually normalize Pλcond(β). Pmarg(β)
marginalizes the EOS parameter which covers a quite
large range, hence it is a measure of the likelihood of β
where the effects from EOS are averaged out.

The resulting posterior distributions can be seen in
Fig. 5 for both of our prior choices. The restricted prior
simply rules out 2B EOS completely, and B EOS for
β > 0. We will discuss some of the differences in the
results provided by the two priors, but they both lead to
the same major conclusion.

The posterior likelihoods are not completely featureless
in Fig. 5, meaning the mass-radius data provides some
information about what parts of the parameter space are
more likely than the others. For example, looking at the
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FIG. 5. Conditional posterior probabilities for the linear DEF
model using the simple flat prior (left) and the restricted
prior (right). Individual lines are the unnormalized condi-
tional probabilities for each EOS in Eq. (19) and the marginal
probability in Eq. (20).

flat prior computation, there is a strong preference for
β < 0 if 2B EOS is assumed. However, we see that this
is not the case for all EOS, e.g. the opposite is true for the
other EOS and the contrast between β ≶ 0 is much lower.
Overall the posterior averaged over EOS, the marginal
distribution, does not deviate much from the prior when
we use the simple flat prior, hence the mass-radius data
is not particularly interesting. The restricted prior has
more structure, clearly preferring β < 0 to β > 0, but
it is not possible to reach a definitive conclusion as we
discuss next.

The most important aspect of the posterior distribu-
tions for both prior choices is that the probability densi-
ties do not decay in any discernible manner as β → ±∞.
Hence, the posterior might still be large outside of the β
range we studied, in principle even for arbitrarily large β.
This means our inferences from these curves are strongly
dependent on the range of β values we use, and we cannot
reliably conclude this parameter of the linear DEF model
to have a lower or upper bound based on the mass-radius
measurements alone.

Recall that we already predicted that the linear DEF
model would be less stringently constrained compared to
the quadratic DEF model in Sec. III C due to the fact
that its deviations from GR are smaller. Here, this is
confirmed in the most extreme way: There is no reliable
bound on β at all. This is the first major result of this
study.

This is also a reminder that the common lore of spon-

taneous scalarization leading to large deviations from
GR can sometimes be misleading. The switch from the
quadratic DEF model to the linear one enabled the for-
mation of stable scalarized neutron stars for β > 0, and
this is perhaps related to the fact that the deviations
from GR are somewhat suppressed for the linear DEF
model.

B. Scalar-Gauss-Bonnet theories

The investigation of the scalar-Gauss-Bonnet theory
is similar to that of the DEF model aside from having
two theory parameters (βGB, σ) in Eq. (8) and (11). As
before, we define the conditional and marginal posterior
probabilities related to the EOS as

Pλcond(βGB, σ) ≡ P (βGB, σ, λ|data)

Pmarg(βGB, σ) ≡
∑
λ

P (βGB, σ, λ|data) , (21)

respectively. We also further marginalize over βGB or σ
to obtain the one-parameter probability distributions

Pλcond(βGB) ≡
∫ ∞

0

dσ Pλcond(βGB, σ)

Pmarg(βGB) ≡
∫ ∞

0

dσ Pmarg(βGB, σ))

Pλcond(σ) ≡
∫ ∞

0

dβGB P
λ
cond(βGB, σ)

Pmarg(σ) ≡
∫ ∞

0

dβGB Pmarg(βGB, σ) .

(22)

Let us first start with Fig. 6 where you can find the
posterior distributions on the (βGB, σ) parameter space
for the simple flat prior. Note that all the trends we men-
tioned in Sec. III C are followed, for example, βGB → 0
region has the same likelihood, which is the likelihood for
the GR mass-radius curve. For, σ < σcrit(βGB), the likeli-
hood is strictly less than that of GR since the mass-radius
curve is simply a subsection of the GR curve. The pos-
terior probabilities in this region is also ignorably small
or simply zero, especially for large βGB. This is because
the mass-radius curves have an exceedingly small overlap
with the data.

Despite the above features in line with our expecta-
tions, the posterior distributions also have some proper-
ties that would hinder our efforts to constrain the sGB
model, a major one being the qualitative differences be-
tween the EOS. The most important difference is the fact
that H and HB EOS have high likelihood in the region
where both βGB and σ are large (above the black spots
in Fig. 6), unlike B EOS. We do not show 2H and 2B
EOS in Fig. 6 due to their insignificant posterior like-
lihoods, which are results of two separate phenomenon.
First, we had already mentioned that the mass-radius
curves of the stiffest 2H EOS has no overlap with some
of the data, hence it has vanishing posterior likelihood.
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FIG. 6. Conditional and marginal posterior probability den-
sities for the sGB model (Eq. (21)). We only show H, HB,
and B EOS since the other two contribute negligibly to the
posterior. Each subfigure has a separate color scale in order
to highlight its details. The blank cells are due to the com-
putational failures we encountered around the region where
the stable scalarized solutions switch into unstable ones near
σcrit(βGB). Note the qualitatively different behaviors of H
and HB EOS, which have a high probability region at high
βGB and σ, unlike the other EOS.

Second, 2B EOS has a small maximum theoretical stellar
mass, which is further reduced in the sGB model. Thus,
the overlap of this EOS with data and its posterior like-
lihood is also negligible.

Some of the features of our Bayesian analysis can be
more easily observed in Fig. 7, where we individually
marginalize over each of βGB and σ as in Eq. (22).7 When
EOS is averaged out, Pmarg(βGB) and Pmarg(σ), we see
that the probability distribution decays exponentially or
faster at high βGB values and low σ values. Taken at
face value, this suggests that we can find bounds on these
parameters. For the simple flat prior

βGB < 600

σ > 170
(23)

at 95% confidence. However, we will see that these
bounds should be taken with a grain of salt.

Our ability to obtain the bounds in Eq.(23) is in line
with the observations in Secs. III C and III D. Recall that
we deviate further from the GR curves as βGB → ∞,
and the mass-radius curves have exceedingly small maxi-
mum stellar masses, hence the overlap with data becomes
worse, see Fig. 3. This means the posterior probability
was expected to go down in this part of the parameter

7 We filled the blank parts of the parameter space in Fig. 6 using
interpolation from the neighboring points before performing the
integrals needed for the marginal probabilities in Eq. (22).

FIG. 7. Conditional and marginal posterior probability den-
sities as a function of only one of βGB or σ for the sGB model,
Eq. (22), using the simple flat prior. 2B EOS has exponen-
tially decaying likelihood with βGB throughout, even though
we only show part of this. 2H EOS has a vanishing likelihood
as explained in the text. The exponential, or faster, decays
at high βGB (right) and low σ (left) lead to the bounds in
Eq. (23).

space. At the σ → 0 limit, all scalarized stars tend to
be hydrodynamically unstable, and the GR solutions are
tachyonically unstable to scalar growth. Thus, the mass-
radius curve is only a smaller portion of what we have
in GR, see Fig. 4. As this portion gets smaller, we also
have less overlap with data, and small σ values become
extremely unlikely or they are outright ruled out.

Despite the agreement with expectations, there are
also reasons to be cautious about the βGB < 600 bound.
First, observe that the dependence of the posterior dis-
tribution on βGB differs between EOS. We discussed this
point above, but the issue becomes more apparent in
Fig. 7. There is exponential decay in the βGB → ∞
limit, but this trend is much less pronounced for stiffer
EOS, and barely appears for H EOS. Even though the
dominant trend is favorable for obtaining a bound, this
qualitative difference between EOS is noteworthy.

Second, note that our ability to see the exponential
decay at high βGB is also related to our choice for the
highest value of σ = 700. One can see in Fig. 6 that
there is a high probability region for the higher σ and
βGB values of the H and HB EOS, which eventually rise
above our highest σ value, hence stop contributing. This
is one of the reasons for seeing a large plateau before the
exponential drop in the βGB → ∞ limit in Fig. 7 for
these EOS. Hence, changing the highest values of σ we
use would affect the exponential drop and the constraint
on βGB it leads to. Recall that our choice of σ is already
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quite conservative, which means the βGB bound would be
even more stringent if we only considered more “natural”
values of σ that are lower than σ = 700. Nevertheless,
there is a degree of uncertainty about where to put a
cutoff for the σ values.

There is also some ambiguity in the choice of the di-
mensionless parameters βGB and σ. Our results provide
bounds on generic functions f(βGB, σ) as well, but using
an alternative parameter could affect the results through
the prior choice. For example, if

√
βGB is used as a

primary parameter as in Doneva and Yazadjiev [20], a
flat prior would be equivalent to a prior on βGB that is

weighted as β
−1/2
GB . This leads to an even more strin-

gent constraint, i.e. a lower upper bound for βGB than
Eq. (23), but other choices might lead to the opposite
effect of having weaker constraints.

FIG. 8. Same as Fig. 7, but for the restricted prior. For 2B
and B EOS, the maximum theoretically allowed mass in the
sGB model is less than 2M�, hence they have vanishing pos-
terior likelihood. Recalling that 2H EOS also has vanishing
posterior likelihood, this leaves only H and HB EOS as viable
choices.

Lastly, the results for the restricted prior are given in
Fig. 8, which lead to the bounds

βGB < 390 (24)

σ > 180 (25)

at 95% confidence. These are more stringent than the
case of the flat prior in Eq. (23), especially for βGB. The
behavior is qualitatively similar aside from two points.
First, the softer 2B and B EOS are completely ruled out
in the restricted prior. Second, the surviving EOS have
much sharper decays, pretty much cutoffs, at high βGB

values, though where the cutoff occurs changes drasti-
cally with the EOS.

Overall, we consider the bound on βGB to be somewhat
less clear than the one on β of the quadratic DEF model
obtained in Tuna et al. [8]. Very high values of βGB

are disfavored, but it is hard to say whether this should
be in the lower or higher hundreds. Such a bound is
potentially weaker than the ones that might be obtained
by hyperbolicity considerations, whose interpretation is
still under discussion [30–32]. In any case, our results
demonstrate the utility of the mass-radius data as a tool
to test gravity theories.

As for σ, there is already a natural mechanism to re-
strict it to low values as we discussed above in relation to
Fig. 4. Even though order of unity changes are possible
due to the details of our methodology, we consider a soft
bound of σ & 100 to be clearly the case.

V. DISCUSSION

We investigated the general effectiveness of neutron
star mass-radius measurements in testing theories of
gravity. Other alternative theories have already been
constrained in this manner, namely the original spon-
taneous scalarization model of Damour and Esposito-
Farèse, which we called the quadratic DEF model, and its
massive scalar extension. We have seen that this model
is not an exception, and the sGB model can also be con-
strained using the same method, albeit more weakly. On
the other hand, we could not constrain a modified version
of the original DEF model, the linear DEF model. To-
gether, these show that the mass-radius data is a promis-
ing tool for testing alternative theories of gravity, but it
also has clear limits.

The deviations from GR in the linear DEF model are
smaller in comparison to those in the quadratic DEF
model, which has an essential role in the ineffectiveness
of our methods. We should note that the issue is not
trivial. Even though the deviations are smaller, they are
not small in absolute terms. The mass-radius curves of
the linear DEF model can deviate from those of GR at
∼ 10% level as can be seen in Fig. 2.

Perhaps the more important difference between the
two models is that even though there is a continuous
trend of growing deviations from GR with β → −∞
in the quadratic model, the deviations saturate in the
same limit for the linear DEF model. That is, in the lin-
ear DEF model, increasing β does not change the mass-
radius curve beyond a certain point, and the maximum
deviations from GR in the β →∞ limit cannot be statis-
tically distinguished from zero due to the uncertainties
in the data set and our methods.

A rough reasoning for the difference of the two DEF
models can perhaps be seen in the behavior of the func-
tion

α(φ) ≡ d ln(A)

dφ
=

{
βφ quadratic DEF
1√
3

tanh
(√

3βφ
)

linear DEF
.

(26)
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α(φ) has an important role in the dynamics of the scalar
field around any solution, including scalarized ones [15].
It grows without bound in absolute value as φ grows
in the quadratic DEF model, but saturates to the finite
value 1/

√
3 for the linear case.

Notwithstanding the details, the above observations
suggest that our null result for the linear DEF model
may not be essential, and more precise data or method-
ology can, in principle, lead to constraints on the linear
DEF model in the future.

Our ability to constrain the sGB model is important
for demonstrating that the quadratic DEF model is not
an exception for the use of mass-radius data in testing
gravity. The underlying reason for the bounds we ob-
tained is similar to the case of the quadratic DEF model,
there are large enough deviations from GR in both cases.
However, there is also the difference that whereas the
mass-radius curves of the quadratic DEF model deviate
mostly in the medium stellar masses and above (Fig. 2),
the case is opposite for the sGB model (Fig 3). High
βGB and low σ values can be ruled out mainly because
the corresponding mass-radius curves do not reach even
moderately high stellar masses.

The relationship between the bounds we obtained and
those that come from separate tests is also an impor-
tant issue. The most stringent current results regard-
ing the theories that feature spontaneous scalarization
come from the binary star tests for the quadratic DEF
model [24–26]. These bounds are based on the scalar ra-
diation from the orbiting stars, which is expected to have
a large contribution to the orbital decay [11]. Hence,
the lack of such orbital decay can be used to constrain
scalarization, and is claimed to completely rule out the
quadratic DEF model [26]. However, even a tiny scalar
mass renders binary tests irrelevant by modifying the ra-
diation characteristics [11, 19]. Indeed, the bounds from
mass-radius data are the only ones on the quadratic DEF
model with massive scalars [8].

Even though we are not familiar with a concrete study,
the binary observations that ruled out the original DEF
model likely provide some bounds on βGB of the sGB
model as well. Moreover, it is possible that such bounds
are even more stringent than the ones we have here. Yet,
our results are still relevant. Similarly to the quadratic
DEF model, a mass term for the scalar field of the sGB
model would render the binary observations irrelevant.
We have not explored massive scalars in this study, but
scalarization is known to continuously change with the
mass of the scalar field. Therefore, the structure of a
scalarized neutron star where the scalar is massless is
practically identical to a star where the scalar mass is
very low. Overall, this means that our results also con-
strain βGB for the extensions of the sGB model for mas-
sive scalars, which is not the case for binary observa-
tions. The exact mass values mφ for which a constraint
can be obtained can only be known after a quantitative
study, but we can expect our results to be relevant for
mφ . 10−11eV based on the results for the quadratic

DEF model [8].
The two models we considered by no means cover the

whole range of scalarization phenomena, of which new
examples are discovered almost monthly [35, 36]. How-
ever, the linear DEF model and the sGB model are both
widely studied, the latter being the most studied topic of
scalarization in the last few years. Hence, their compar-
ison to the mass-radius data provides important insights
to scalarization overall.

Our results also provide an informed opinion about
other scalarization models we have not yet studied quan-
titatively. It has been long known that a massive scalar
generically suppresses scalarization compared to a mass-
less one, suppression growing with increasing mass [19].
Thus, we would still not be able to constrain the linear
DEF model if the scalar was massive. The sGB model
can likely be constrained for small scalar masses as we
discussed, but there will be large enough mass values
where the constraints would be lost, which is known to
be the case for the quadratic DEF model [8]. In another
example, the well-known asymmetron model of scalariza-

tion uses A(φ) = (1−∆) + ∆ eβφ
2/(2∆) with 0 < ∆ . 1

in order to explain certain cosmological observations [37].
This form of the coupling function A(φ) is known to de-
crease the overall deviations from GR compared to the
quadratic DEF model for the same value of β. Hence, it
is almost certain that the constraints on the asymmetron
from the mass-radius data would be weaker than those of
the quadratic DEF model, analogous to the sGB model.
Though, determining if there are constraints at all would
require a quantitative study.

We explored how to test deviations from GR using neu-
tron star mass-radius measurements, which is an under-
utilized data set in our opinion. We hope to investigate
even more generic alternative theories of gravity in the
future by increasing the precision of our methods as well
as incorporating other observational signals.
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Appendix A: Quadratic DEF model with β > 0

We mentioned that there are scalarized solutions of
the β > 0 quadratic DEF model, Eq. (4), but they are
all thought to be unstable. To the best of our knowledge,
the instability of these stars was first discussed in Mendes
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FIG. 9. Mass-radius and mass-central density diagrams in
the quadratic DEF model for various β. Even though all
scalarized solutions are most likely unstable, we only plot the
parts with dM/dρ̃c < 0 with dotted lines.

[13]. However, the unstable stars presented therein all be-
long to the so-called higher harmonic branches where the
scalar field has nodes in its radial profile. Such stars were
already known to be unstable even for the quadratic DEF
model with β < 0, hence this is not especially surprising
in itself. However, later linearized analyses in Mendes
and Ortiz [16] strongly indicate that all such scalarized
solutions are indeed unstable (especially see the supple-
mental material Fig. S1 and the related text).

The source of this instability is subtler than the viola-
tion of dM/dρ̃c > 0 in Eq. (13), which is necessary but
not sufficient for stability. We have some of the mass-
radius diagrams for the quadratic DEF model with β > 0
in Fig. 9, where we see that Eq. (13) is mostly satisfied

for scalarized stars. However, studying the linearized os-
cillations around such solutions shows the existence of
exponentially growing modes, which is a direct indication
of instability [16]. Hence, these stars are not expected to
play an astrophysical role and it is mute to compare them
against the mass-radius data.

Nevertheless, the fate of these solutions is not sealed
until a detailed nonlinear analysis is completed. For this
reason, and for the sake of completeness, we repeated
the Bayesian analysis for this case by assuming that all
scalarized stars satisfying Eq. (13) are stable. We reiter-
ate that this last assumption is most likely wrong. The
posterior distributions can be seen in Fig. 10. Overall,
there is no upper bound on β due to a lack of decay in
the marginal probability distribution, though there are
deviations from the prior at low β values.

FIG. 10. Conditional posterior probability for HB, B, and 2B
EOS in the quadratic DEF model similar to Fig. 5. Left: the
simple flat prior. 2B EOS has a curve very similar to B EOS,
but smaller by a factor of 104. Right: restricted prior where
the only nonzero contribution is due to HB EOS as none of
the neutron stars in B and 2B EOS reaches a mass of 2M�.
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tron Star Mass-Radius Constraints of the Quiescent Low-
mass X-ray Binaries X7 and X5 in the Globular Cluster
47 Tuc, Astrophys. J. 831, 184 (2016), arXiv:1603.01630
[astro-ph.HE].

[29] J. S. Read, C. Markakis, M. Shibata, K. Uryū, J. D. E.
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