arXiv:2112.04269v2 [gr-qdc] 9 Dec 2021

Instability of vectorized stars

Ekrem S. Demirboga,!’

Andrew Coates,b

and Fethi M. Ramazanoglu!’

! Department of Physics, Ko¢ University, Rumelifeneri Yolu, 34450 Sariyer, Istanbul, Turkey
(Dated: December 10, 2021)

In recent papers it has been shown that a large class of vectorization mechanisms in gravity, which
involve the vector fields becoming apparently tachyonic in some regime, are actually dominated
by ghosts and non-perturbative behavior. Despite this, vectorized compact object solutions have
previously been found, which raises the question of how, and if, the newly discovered ghosts are
quenched in these cases. Here we develop the tools to study the perturbations of vectorized compact

objects, and demonstrate that they suffer from ghosts and gradient instabilities as well.

Thus,

these vectorized objects do not represent the stable end point of a quenched instability unlike their
scalarized counterparts in the spontaneous scalarization literature.

I. INTRODUCTION

General Relativity (GR) is incredibly successful from
a phenomenological point of view, having accounted for
previously unexplained observations and made many in-
credible predictions which have since been verified. Per-
haps the most spectacular of these is the confirmation of
GR’s prediction of the existence of gravitational waves.
It matches observations of binary pulsars so well as to
provide an extremely stringent constraint on massless
(and sufficiently light) scalar fields [1]. It is also so far
consistent with all of direct gravitational wave observa-
tions performed by the LIGO-Virgo-KAGRA collabora-
tion (e.g [2]).

Given the success of GR, especially in the solar system
[3], the most interesting theories come with some mecha-
nism to mimic GR in the solar system, while allowing for
large deviations elsewhere. Such mechanisms are termed
“screening mechanisms” and the prototypical examples
are the Damour Esposito-Farese (DEF) model of sponta-
neous scalarization [4, 5] and the Vainshtein mechanism
[6] (see Ref. [7] for a review). We are interested in the
former in this study, which has an action of the form

_ % / 442/ "G [R — 2(8,0) (0"¢) — 2V ()]

+ Sm [fm: Q5(0) 9] - (1)

S

Here V(¢) is a potential for the scalar field, f;, stands
for any matter fields and Qi(qb) is a conformal factor
through which the scalar field and matter are coupled.
Given some conditions on €24 and V' one can arrange for
the theory to be solved by GR solutions with constant
¢ = ¢p. Perturbations of the scalar field around such a
solution have an effective mass squared of the form

m2g = m7, — 47T, (2)

where m} = V7 4s B = dlog 2 /dg?[, and T is the
trace of the stress energy tensor. Choosing m¢ and 3 cor-
rectly one can then arrange that the solar system is stably
given by GR while (say) neutron stars become unstable
to scalar perturbations. An instability due to a wrong
sign of the effective square mass is termed “tachyonic”.
When this effective square mass is constant throughout
spacetime, it is sufficient that it be negative to trigger an
instability, whereas in this case it depends on the matter
configuration.

If m%; < 0 in some region of characteristic size R,
a heuristic condition for the instability is that 1/R? +
mZs < 0 (so that some mode which can probe this length
scale is unstable within it) [8]. When m7 is small, one
can see that the controlling parameter for the onset of the
instability will be the compactness of the object. When
the mass is sufficiently small, binary pulsar tests heav-
ily constrain the model [9], and for very large masses
the mechanism is never activated for astrophysical ob-
jects [8]. However, there remains an interesting range
of parameters for light scalars in various astrophysical
scenarios [10].

There is no explicit role of the scalar nature of the field
in the spontaneous scalarization mechanism we have pre-
sented, hence, there have been efforts to generalize it to
other fields, the most commonly studied case being vec-
tors [11-14]. The common theme of these theories is that
the vector field spontaneously grows in the vicinity of
compact objects similarly to the scalar of the DEF model,
and the vectorized objects generically feature large devi-
ations from GR.

Our analysis will focus on the direct generalization of
the DEF model, Ref. [11], though some of our results will
cover any model of vectorization that have perturbation
equations of the form

V#FMV = EV#AN ) (3)

such as Refs. [12-14].

It was recently shown that theories of this type pos-
sess ghost instabilities if they contain what one might
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term a “naive tachyon” [15, 16]." If Z were to be a good
mass squared tensor, it should behave, in some key ways,
like 26", the mass term of the Proca field. A “naive
tachyon” would then be when it does not meet these re-
quirements, for example, if = has negative eigenvalues as
a matrix, one would expect some tachyonic behaviour.
As we will demonstrate later, =* plays an even more
prominent role than that of a mass squared tensor, be-
ing the inverse of the effective metric for the scalar mode
of the vector field, and so requirements of causality will
also play a role in deciding what forms of = allows healthy
dynamics of the vector (see Ref. [18]).

As a concrete example, the spontaneous vectorization
theory of Ref. [11] is given by the action

1 v
S =16m / d*zy/=g (R — F,, F" —2my A, A")
+ S [fm; QVQ(AMAH) guu] y (4)

where A, is a vector field with bare mass mvy, F,, =
VA, —V,A,, and as before f,, is a generic label for
any matter field. The vector field equation of motion is
given by

VP = (m% — 87A Q‘*VT) A =z2mAY, (5)

where

8r dnQy o,
m2 d(A,Am) Y

~:

z2=1-

(6)

T is the trace of the stress energy tensor with respect to
the metric g, = Q% ¢,,. In the rest of the paper we will
use

QV = eﬂAH‘Au/2 s (7)

following the literature.

When 2 < 0 we have a naive tachyon as described
above, which led to expectations that the theory would
have vectorized neutron star solutions similar to the
scalarized solutions of the DEF model [11]. However,
in Ref. [15] it was shown that action (1) also features
ghost instabilities for a neutron star that is a solution of
GR when Z is negative. Furthermore, 2 also changes sign
in many cases, which leads to other serious problems due
to divergent terms of the form 271.

Despite the problems around a GR background, neu-
tron star solutions with non-trivial vector configurations
have been numerically calculated [11]. If these vectorized
solutions are stable, one could hope that the problematic
GR backgrounds are dynamically avoided and these vec-
torized configurations develop without issue. Here, we
will show that this is not the case. That is, arbitrarily

1 See Ref. [17] for a similar earlier work on cosmology.
2 Also see Ref. [19] for a similar cosmological theory.

small perturbations from vectorized solutions calculated
in Ref. [11] grow in an unbounded manner, meaning they
are unstable. We also explore parts of the (3, my) pa-
rameter space that have not been investigated so far, and
show that there is no stable spherically symmetric vec-
torized star in any sector we studied. This is in stark
contrast to the case of the DEF model where typical
scalarized solutions are known to be stable in various
models [8, 20-24].

Despite these negative results, we shall see that the
naive picture of a tachyonic degree of freedom can apply
to the axial part of the vector field, and so, in the regions
of parameter space where this holds, one should likely be
looking at axisymmetric stars for healthy end states, if
any exist.

In Sec. 11, we develop the perturbative framework to
analyze the instabilities of vectorized stars by generaliz-
ing the approach of Ref. [15]. In Sec. I1], we numerically
solve for vectorized stars in the theory of action (4), and
show that all solutions are unstable to linearized pertu-
bations. Not all solutions carry all the different forms of
instabilities we study, but they all carry at least one. In
Sec. 1V, we will discuss our results, and argue how our
methods can be applied to other vectorization theories
and other extensions of the DEF model.

We use the geometric units G = ¢ = 1 and the metric
signature (—1,1,1,1). We use Einstein summation con-
ventions for greek indices u, v, ..., but not for the latin
indices for spatial variables such as i, unless specifically
stated otherwise.

II. INSTABILITIES OF VECTORIZED STARS
A. Spherically symmetric vectorized stars

The metric of a static and spherically symmetric vec-
torized star can be represented by the ansatz

ds? = —e?(M 24 dr?4+r2(d6*+sin® 0 dg) . (8)

r

1 2u(r)

The vector field also has the simple form
A = (A%(r),0,0,0) = A%(r)d, . (9)

That is, only the time component of the vector field is
nonvanishing in a static and spherically symmetric space-
time. This was “assumed” in Ref. [11] for ease of calcula-
tion. Here, we examine the most general case, and show
that there is no need for an assumption.

The fact that spherical symmetry implies that the an-
gular components of the vector field, A%?, vanish is not
a trivial one. For example, minimally coupled massless
vector fields can have nonzero angular components un-
der spherical symmetry such as the electromagnetic field
vector V' of a Reissner-Nordstrom black hole with mag-
netic charge. This is possible due to the fact that the
stress-energy tensor can still be spherically symmetric in



this case, even though V?® # 0 and F? # 0. However,
this is not the case for a massive field.

The metric equation of motion arising from the ac-
tion (4) takes the following form outside the star

1
Ry = 2B, B0 = S Fpo 7 g + 2my A A, . (10)

The line element () has direct implications for the Ricci
and Einstein tensors. Firstly, R,, has to be diagonal,
hence only one component of A, can be nonvanishing
due to the m%, term. Secondly, the surviving compo-
nent cannot be A% or A?, since Eq. (8) also implies that
Ryg = sin® ORgg, which cannot be satisfied due to the
same term.

Finally, vanishing of A" is a direct consequence of the
a =r case of Eq. (©)

, 9p(\/191F*T)
AT = _ =0, 11
V1gl(—=4mQ4 BT + m?2) (1)

where we used the partial derivative formula for the di-
vergence of an antisymmetric tensor, and the fact that
the only nonzero component of the differentiated tensor,
F' is time independent for a static solution. Overall,
the only surviving component is A°.

In the following, we will assume that the nuclear mat-
ter behaves as a perfect fluid with stress-energy tensor

T = (p+ p)ara” + pg” (12)

where the total energy density p, pressure p and the com-
ponents of the fluid 4-velocity u® only depend on the
radial coordinate r.

B. Basics of tachyons, ghosts and gradient
instabilities

Although they are related to each other, we will catego-
rize our instabilities into three groups: tachyons, ghosts
and gradient instabilities. Their basic behavior can be
demonstrated for a classical massive scalar field theory
inl+1D

Sp = / dtdz /=g [~9" (Orp)? — g™ (02p)? — m*¢?]
(13)
whose equation of motion is
9" 0% + g™ 05 = mPp (14)

for a metric g,,, with constant diagonal components.
A Fourier mode ¢(t,z) = elw(t=kz]l hag the disper-

sion relation
;mz _|_g:cack;2

If w(k) is real, the mode has an oscillatory behavior in
time. This happens in the “usual” case where g'* < 0,
g®® > 0 and m? > 0. If w(k) becomes imaginary, the
mode grows exponentially, which is an instability. Let us
consider the cases where one of the constants change its
sign while the other two have the usual one.

We call the m? < 0 case a “tachyon.” The modes with
—m2

gxz

k? <

(16)

are unstable in this case, hence it is an infrared in-
stability. Note that high wave number modes are sta-
ble, and the fastest growing unstable mode behaves as

~ eVm? /9"t hence, there is an upper limit to the growth
rate. This is the instability that underlies the sponta-
neous scalarization mechanism of the DEF model [4].

We call the g'* > 0 case a “ghost.” All ghost modes ex-
ponentially grow, the growth rate of the modes diverging
at high wave numbers as ~ eV9""/9""kt  Thys, unlike a
tachyon, a ghost, as described here, has infinite growth
rate for generic perturbations.

We call the ¢™* < 0 case a “gradient instability.” The
modes with

m2

7ngL’

k? > (17)
are unstable, and low wave number modes are stable.
However, high wave number modes can grow arbitrarily

fast like the ghost as ~ eV9""/9" %t Hence, the growth
rate of this instability also diverges.

In our simple model, a coexistence of two of the insta-
bilities is equivalent to the third instability. For example,
a ghost and a gradient with m? > 0 behaves exactly as a
tachyon, which is the simple mathematical result of the
fact that we can multiply the action (13) or the equa-
tion of motion (14) with —1, and have the same theory.
Similarly, ¢g* > 0, ¢°* < 0 and m? < 0 can be consid-
ered as a completely stable theory. However, the scalar
field couples to other fields, and the overall sign of the
action is meaningful in most situations, e.g. in sponta-
neous scalarization in Eq. (1). Hence, we will categorize
each sign change as a separate instability.

Lastly, we will see that the instabilities we encounter
will have g,,,, and m? values that are functions of space-
time coordinates, and they can have different signs in dif-
ferent regions. In the case of the tachyon, having m? < 0
only in a finite region of space effectively puts a lower
bound on the k values that can be tachyonic, which might
mean no mode is tachyonic [8]. On the other hand, hav-
ing different regions of spacetime with positive and nega-
tive g values means the coefficient of the principal part
of the equation of motion (14) vanishes at the transition
points between regions. Alternatively, if we divide the
whole equation by ¢'!, some of the coefficients diverge at
such points. In any case, perturbative treatment of such
an equation becomes impossible, which we will see to be
the case for vectorization.



C. Ghost and gradient instabilities in vectorization

The stability analysis for any putative solution to the
vectorization theory can start at the generalized Lorenz
condition [15]

V,.(2A") =0 (18)

which is obtained from Eq. (5) by realizing that
V.V, F* = 0 due to the antisymmetry of F*”. Let
us fix the metric of the vectorized solution as the back-
ground metric, and consider perturbative deviations of
the vector field

AP = AF 4 §AP (19)

Here, and from now on, an overbar denotes the value of
a function or operator for the exact vectorized solution.
The linearized Lorenz condition becomes

Y, (24,647) =0, (20)
where we define
dz i
S, =gt 42— A, 21
2O qaea,) (@)
For the exponential conformal factor Qy = 4" 4n/2 of
Ref. [11]
m¥ EF, = —167 82T, 40 AP A,
+ (m%, - 47r5:fbge251“”1“0) st (22)

where Tj bg is the value of the trace of the stress-energy
tensor for the vectorized solution. More explicitly
AmBTge®P A A0 (1 + 4BA°A)

=0
=0 = 1 m% (23)

47T5Tbg eQBAOAU

p)
my

==1 (no sum) , (24)
where there is no summation over the repeated spatial
index 7 as is the case for most expressions in this paper.
These reduce to the corresponding expressions in Ref. [15]
when A* = 0, as expected.

We can already see some of the problematic aspects of
the vectorized solutions directly using the Lorenz condi-
tion. The form of the metric and the vector field for the
vectorized star imply that =#, is diagonal on this back-
ground, and Eq. (20) gives the time evolution for §A°

3

-3 0 (V=g E0AY) ,  (25)

=1

9o (v—=7 B%0A°%) =

where the summation over i is shown explicitly.” This
is an advection equation for the vector density dB* =

3 A0 is not a dynamical degree of freedom since its time derivative
does not appear in the action (4), but the dynamics of the other
components imply this time evolution indirectly [25].

4

V=g E*,8A". Consider a point p where Z% = 0. Note
that the right hand side of Eq. (25) is generically nonzero
at p since there is no symmetry principle to ensure oth-
erwise. This means even if the initial data is such that
dB(t =0) =0 at p, it will immediately evolve to nonzero
values, assuming a meaningful time evolution is possible.
However, this implies that the time derivative of §A° di-
verges at p. In summary, 2% = 0 implies divergences
in the time evolution of generic pertubations around a
vectorized star.

Eq. (20) is first order in time, hence the nature of the
divergence is not apparent. We can show that this is
related to a ghost instability by following Ref.[15] and
using the Stueckelberg trick [26], which makes the fol-
lowing substitution in the action (1)

1
Ay = A+ —0,1) . (26)
mvy

This separates out an explicit scalar field, whose equa-
tion of motion can be obtained by varying the action, or
equivalently by using the Stueckelberg trick directly in
the Lorenz condition (Eq. (18)),

v, [z (A# + mlvvﬂwﬂ =0. (27)

For perturbative deviations from a vectorized star solu-
tion, the linearized equation is

V. [E”" <5Ay + 1vy5¢)} , (28)
my

where
d?

MY — GVPER  — 5 Gt 4 9
g p=EgT d(APAp)

AAY . (29)

The significance of Z*” becomes clearer when we consider
the principal part, the highest derivative term, of this
equation: =*70,,0,61. This means that the evolution of
01 is governed by the effective inverse metric

gty == . (30)
In particular, if =00 is positive dy will be a ghost, and if
=" is negative for any i, 61 will have a gradient instability
for large wave numbers. Using this effective metric the
full equation of motion can be expressed as

Doy = —myV-0A+ AT ;20 (mvéA# + maw) (31)

where AT 5 = f‘gﬁ —T 5, and both 0 and V- imply con-
traction with g, rather than g. Note that, §°° or equiv-
alently =%° changes sign exactly when 2%, changes sign,
since this tensor and the metric are both diagonal in our
cases of interest. Hence, the divergence in the Lorenz
condition Eq. (25) occurs exactly when d1 becomes a

ghost.



Even though we considered a specific model, Ref. [11],
so far, note that our results are valid for any symmetric
=, hence applies to other vectorization models studied in
detail in Refs. [12] and [13]. It is, however, worth noting
that non-diagonal terms, which one would expect to find
outside of spherical symmetry, complicate the analysis
somewhat, again see Ref. [18].

Lastly, we can also observe the ghost directly in the
vector field components when we recast the field equa-
tion (5) in the form

OAq + (VIn2) Vo AP = MagA? | (32)

where we used the Lorenz constraint and the commu-

tation rules for covariant derivatives [15]. The mass
squared tensor is defined as
Mg = 2m2gas + Rag — VaVsln 2 . (33)

The principle part of Eq. (32) solely consists of (JA,,
when it is linearized around the GR solution for which
the vector field vanishes. On the other hand, for a spher-
ically symmetric vectorized star background, the follow-
ing term also contributes to the linearized equation

= 2 dz = =
S _A'V,Vs6A, + ... 34
Tz d(AvA,) p04o + (34)
This means the principal part can not be expressed as a
wave operator in general, however, for @ = 0 in Eq.(32)
it can be written as

G 0,0,0 A0 , (35)

where we used the fact that only the 0 component of 4,
is nonvanishing. Hence, g"¥ = =¥ is also the effective
metric that governs the evolution of § Ay, which becomes
a ghost if §°° changes sign, and has a gradient instability
if 3" changes sign for any i. These are the same condi-
tions for the existence of instabilities in the scalar field 1
arising from the Stueckelberg trick.

To summarize, we have shown that the existence of
ghost or gradient instabilities depends on the behavior of
=¥ which acts as an effective (inverse) metric for some
degrees of freedom in the theory of action (4). Since g,
always has the signature [—1,1,1,1], a change of sign in
=#, occurs exactly under the same conditions of a change
of sign of =*¥ as we mentioned. Thus, we will compute
=#, profiles of vectorized neutron stars in Section in
order to assess their stability.

D. Tachyons in vectorization

The original aim of vectorization as introduced in
Eq. (1) was to replicate the tachyon-based spontaneous
growth of scalar fields arising from action (1) [11]. In the
standard scenario, the stability of the final solution is re-
alized by nonlinear effects which suppress the instability
as the scalar field grows [8].

The existence of a ghost instability for perturbations
around a vectorized star is sufficient to demonstrate that
such a solution is unstable, however, it is interesting to
see if the suppression mechanism of the tachyonic insta-
bility also fails. Namely, it is possible that the nonlinear
effects that are expected to quench the tachyon once a
vectorized solution forms fail.

GR backgrounds are known to be susceptible to
tachyon instabilities in vectorization [15]. The existence
of ghosts breaks the perturbative approach due to diver-
gent terms in the time evolution, but let us try to see
the behavior of the tachyonic modes assuming a back-
ground solution exists and we only perturb the degrees
of freedom which are tachyonic. We will repeat the dis-
cussion of Ref. [15] for a vectorized background, starting
with a vector spherical harmonic decomposition of the
perturbative deviations from the exact solution

4
= Sl 20 60,6),  (36)

i=1 ¢m

where ¢y =co =1, c3 = ¢4 = 1//4({ + 1), and

Zél)ém = []_, 0,0, On/Zma (37)

Zg)fm =10,1,0,0]Yem, (38)
r

ZC(?)M _ m[o, 0,09, 0¢)Yem, (39)

Z((;;)Em _ %[0, 0,csc 00y, —sin80g| Yo, ,  (40)

Yym being the scalar spherical harmonics. Details of this
decomposition can be found in Refs. [15] and [27].

As the background vector field A has no  or ¢ compo-
nent, the uy degree of freedom, the so-called axial mode,
behaves as in the case with vanishing vector field, with
a slightly different expression for the effective mass. In
particular, the perturbation Lagrangian up to quadratic
terms for any uy = ufg) becomes

e’ —2p/r) P
St = /dtd ppm €(€—|—1) {e (tbg)

(-2 (452 o)

(41)

after integration over the angular coordinates. This leads
to the field equation

{—e”@f—i—e”/Q\/l—a ( \/1—?&)

Qe+1)
If we perform a separation of variables u4(t,r) = e™tu(r),
we obtain

[—;22 + Veff(r)] u=w’u, (43)



where
dr . on\ " 1/?
L 44
dr © < T ) (44)
_ 1
Vet (1) = € (é(ﬁr—;-) + zm%,) , (45)

and Vg can be considered a function of r, through r(r.).
A tachyon exists if there is a solution to this eigenfunction
problem that satisfies w? < 0. Note that the axial mode
is only defined for ¢ > 1.

Increasing ¢ makes the modes strictly less tachyonic
due to its positive contribution to Veg, which means it is
sufficient to check £ = 1 for the existence of a tachyon.
Non-existence of linearized tachyons in the axial sector is
guaranteed if Veg > 0 everywhere, since the expectation
value of the differential operator on the left hand side
of Eq. (43) for any trial function is positive in this case,
which ensures w? > 0 for any eigenfunction. We will
employ this shortcut when analyzing our vectorized stars.

The above analysis is only for a single vector spherical
harmonic, and does not have any direct implications for
the even modes u; 2,3. This means, we can conclude the
existence of tachyons from Eq. (43), but not rule them
out completely even if uy is not tachyonic. We will not
investigate the more complicated coupled equations for
u1,2,3 in this study, as we will soon see that the even sec-
tor is already plagued by ghost and gradient instabilities.

III. RESULTS

For our purposes, we re-computed the static and spher-
ically symmetric vectorized neutron star solutions of
Ref. [11] using the same numerical methods, and con-
structed other ones in a broader part of the (3, my) pa-
rameter space. In addition, we computed Z#, (Egs. (23)
and (24)) and Veg (Eq. (45)) for each solution to assess
stability. We checked the numerical convergence of our
results, and also performed independent residual analy-
sis. All the neutron star solutions are for the piecewise
polytropic HB equation of state for nuclear matter de-
fined in Ref. [28].

We categorize the solutions into two groups. The first
group has strictly decreasing Ay and matter density p,
so there is no immediate sign of an instability when one
looks at the solutions, hereafter “monotonic stars”. The
second group have visible indications of instability, par-
ticularly Ag, p or both increase at some point within
the star, hereafter “non-monotonic stars”. However, note
that non-monotonicity does not necessarily imply insta-
bility, nor does monotonicity imply stability, hence we
examined the perturbations around all solutions.

Summarizing the previous section, we deduce the in-
stabilities of linearized perturbations of vectorized stars
as follows:

e There is a ghost instability if 2% < 0 anywhere.

B=-40my =1.6x 10" eV B=-50my =16 x 10" eV B=-60my =16x10""1eV

10 15 20 25 30 1.0 15 20 25 30 1.0 15 20 25 30

B=-40my =80x10"12ev p=-50my =8.0x10"2eV

S—

1.0 15 20 25 30 10 15 20 25 30 10 15 20 25 30

B =-40my =48 x1072eV B =-60my =48x10"2eV

0)-1
-

o ———

J
-
K

o

O
P x
1
/}/
1
1
: 1
1
1
- /
\
)I,/
7/
7
U
b
/
v

FIG. 1. Deviations from GR measured by Qv (r = 0) — 1 as
a function of the ADM mass of vectorized stars for various
values of f < 0 and my. This is a slightly updated version
of Fig. 1 of Ref. [11]. There are solutions where the vector
field or the matter density does not monotonically decrease
with radius (dashed lines), and the general dependence of
deviations from GR on the neutron star mass is qualitatively
different from the case of scalarization. e.g. in Ref. [8].
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FIG. 2. 2%, 2", Veg, ® = vV—ApA" and the matter energy
density p of a non-monotonic (left) and monotonic (right) star
for B < 0. The radii where =% and =", cut through 0 can be
seen as the divergences in the logarithmic scale, and the lines
are dashed when the functions attain negative values. Vg
is monotonically decreasing with radius in both cases and is
positive everywhere. Note that the regions where =% and
=", become negative overlap closely, but not exactly.

e There is a gradient instability if Z%; < 0 anywhere.

e There is a tachyonic instability if the eigenfunc-
tion problem in Eq. (43) has a negative eigenvalue,
w? < 0, for Vog. As a shortcut, us does not have
a tachyon if Vg > 0 everywhere, hence such a case
is an indication of stability in this mode. However,



B=-40my=1.6x10"" eV B=-50my =16 x 1071 eV

B=-60my=1.6x10""eV

2 | 2 | 2l N ——
10 10 | U S ppp—— ey 10 D aiite
S SN

K2 A ~ N
10! 4 -~ 10! 4 ~ 10! 4

J\-~:_——— \\-:——— ~&~~.§--——--—-——
100 1= . T . . 100 L+ . . . 100 L= . . T :

1.0 1.5 2.0 25 3.0 1.0 15 25 3.0 1.0 1.5 2.0 25 3.0

B =-40my =80 x 1012 eV
10* 5 10% 5

10° 4 10° 4

’___——————

e ———

10° 10°

B =-50my =8.0x 1012 eV

O e S R 10% 414 N
\ ~ \=~ \\
===
101 - Ll 10! ~--l'§

~——

B=-60my =80x10"12eV
10* 5

= i

1.0 15 2.0 25 3.0 1.0 15

25 3.0 1.0 15 2.0 25 3.0

B=-40my =48 x 10712 eV B=-50my =48 x 10712 eV B =-60my =48 x 10712 eV
10* 5 10* 5 10* 5
o T T T
— e — (—_——_
1034 == 10° 4T I R N N S—
\» _____ AT Nl el ey B ’_<
PN TTTTITTT N S ~ ~
~ ~ ~
102 4 ANEIAES 102 4 \N,\\ 102 4 \‘s:\
Tt ; -
~ TS -

\_____ ——— ~- ___——____. -~ ___—_:_____-
wiHH——F+——J——=5 0 —F === o T ———
100 4 T T T . 100 1 T T T 100 = T T T T

1.0 15 2.0 25 3.0 1.0 15 25 3.0 1.0 15 2.0 25 3.0

MADM/Msun

e ax [—20 o] | == = Monmonotonous Solutions
——— max [—E",] | === Monotonous Solutions

FIG. 3. Maximum values of —Z% and —Z",. for the neutron stars in Fig. | (recall from Eq. (24) that =%; is the same for all 7).
Negative values are attained for both functions in all cases, hence all solutions have ghost and gradient instabilities.

recall that this does not rule out the existence of
tachyons in the u; 2 3 modes.

As we mentioned before, having all instabilities to-
gether would mean stability if the vector field was not
coupled to any other field, which is not the case in our
action (4). Moreover, issues with Z cutting 0 would re-
main, and the instabilities would catch up with us at
higher orders in perturbation theory. Hence the above
classification.

The general behavior of vectorized stars in terms of
their deviation from GR can be seen in Fig. |, some sam-
ple star profiles can be seen in Fig. 2. Applying the above
instability criteria to the neutron stars in Fig. 1, we found
that all vectorized solutions have both ghost and gradi-
ent instabilities. Therefore neither type of star is stable,
which is the main result of this study. The “strength” of
the ghost and gradient instabilities of the stars as mea-
sured by the most negative values attained by =#, can

be seen in Fig. 3. =#, is significantly negative, so the ex-
istence of the ghost can not be avoided by small changes
to the stellar structure. The behavior of Z¥, and Vg as
functions of radius for two sample vectorized stars can
be seen in Fig. 2.

In contrast to ghosts, we find that the monotonic stars
have V,g > 0 everywhere, hence the u4 mode is not tachy-
onic in this case. The uy4 tachyon is also stabilized in
the majority of the non-monotonic stars due to the same
criterion. There are some non-monotonic stars where
Vet < 0 in small regions, but we did not solve the eigen-
function problem, so these stars may or may not have
tachyonic instabilities.

The naive expectation of a tachyon first growing and
eventually getting quenched in vectorization seems to be
partially realized for many, possibly all, solutions for the
uq modes. However, note that uy = 0 for the vectorized
star, hence, it is not the u4 modes themselves that quench
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FIG. 4. Deviations from GR measured by 1 — Qv (r = 0) as
a function of the ADM mass of vectorized stars for various
values of 8 > 0 and my. The behavior of the curves are rel-
atively simpler compared to the 8 < 0 case in Fig. 1, which
we discuss in Sec. I'V. There is a second branch of solutions
appearing at high 8 which consists of non-monotonic solu-
tions. All curves possibly continue to higher Mapas values
than shown, however the numerical methods we employ are
ineffective in this regime.
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radii. Veg is not monotonically decreasing with radius in these

examples, but it is positive everywhere.

the tachyon, but possibly the indirect nonlinear effects of
the other modes through their coupling. We reiterate
that regardless of the fate of the tachyon(s), the ghost
and gradient instabilities not considered in the original
work [11] are present in all solutions, which is enough to
render the vectorized stars unstable.

The solutions found in Ref. [11] all had 8 < 0, however
it is known, from the scalarization case, that it is possible
to destabilize massive GR stars for 8 > 0 [23]. Therefore
we have investigated a part of the § > 0 parameter space
for the first time as well. The deviation from GR in this
case can be seen in Fig. 4, monotonic and non-monotonic
sample star profiles can be seen in Fig.

The vectorized stars remained unstable in all cases for
B > 0 as well, which can be seen in Fig 6, though the
picture is slightly different. All solutions still have gra-
dient instabilities hence the major problem of the g < 0
solutions persists. The ghost instability remains active
in the majority of the solutions, though there do ex-
ist monotonic solutions with Z% > 0 everywhere. As
for the uy4 tachyons, there are solutions with Veg > 0
and Vg < 0 among both monotonic and non-monotonic
stars, but we did not explore whether any of the latter
cases indeed have tachyonic instabilities, since 2% < 0
already ensured that all solutions are unstable.

The shooting method we utilized to calculate the so-
lutions does not work reliably for high Arnowitt-Deser-
Misner (ADM) mass neutron stars, especially for higher
values of my, hence the ADM masses in our figures do not
necessarily reflect the most massive neutron stars in the
theory. There are also solutions in parts of the parameter
space where A°(r) has nodes, which are not shown in our
figures. These are effectively “higher harmonics” of the
fundamental vectorized solution where the vector field
does not have nodes, and are always unstable. The so-
lutions presented so far for very different (5, mvy) values
and ADM masses are all unstable, which strongly sug-
gests that all static, spherically symmetric vectorized so-
lutions are unstable, however we cannot conclusively rule
out exceptions since the parameter space is vast. Further
regions of the parameter space might be explored in the
future using alternative numerical methods [29].

One final possibility we want to mention is that, how-
ever likely or not, the unstable part of the spherically
symmetric regime might be dynamically avoided in vec-
torization, and one might have to look for the stable so-
lutions under less stringent conditions, e.g. axisymme-
try. This is possible as the non-perturbative behaviour
is triggered as Z gets sufficiently small, before it crosses
0. Consider the concrete example of a star, far from the
regime where Z crosses 0, collapsing to form something
compact enough that, if it were to follow collapse as in
GR, z would cross 0. Initially this should proceed as a
GR collapse with some small perturbations, however as
Z gets small, and before it crosses 0, perturbation theory
will break down due to the 27! terms. From that point
on we cannot say what will happen. It is merely plausi-
ble that the non-perturbative evolution avoids the catas-
trophic regime we have discussed here and in Ref. [15],
ending at some stable axisymmetric star. Investigation
of such a scenario requires the simulation of collapsing
stars, which have been performed for spontaneous scalar-
ization [30].
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=

While negative values are attained for 27, in all cases, 2% > 0 everywhere for some solutions. Thus, all solutions are unstable

due to gradient instabilities, but some do not carry ghosts.

IV. CONCLUSIONS

Spontaneous vectorization was motivated by the fact
that scalar nature of the field does not play any direct
role in the DEF model. This naively presented the pos-
sibility that scalarization is not an isolated mechanism
for a specific theory, but has analogs in other alternative
theories of gravity. While this may be the case for more
general scalar-tensor theories [31], all indications are that
the mechanism cannot be generalized to non-scalar fields.
Specifically, the recent discovery of the existence of ghost
and gradient instabilities around GR solutions of generic
spontaneous vectorization theories showed that vector-
ization is radically different from scalarization [15, 16].
Even though vectorization superficially seems to be about
updating the type of the field in spontaneous scalariza-

tion, the essence of the theory is about changing the type
of the instability carried by the field, albeit unintention-
ally.

In this work, we showed that the ghost and gradient in-
stabilities that are present for unvectorized (GR) objects
plague the static and spherically symmetric vectorized
neutron star solutions as well. This is in stark contrast
to the standard case of scalarized stars in the DEF model
and other scalarization theories inspired by it, where the
tachyonic instability is eventually quenched, leading to
stability [8, 20-24]. Our results were achieved by lin-
earizing the vector field equations on a fixed vectorized
neutron star background, and showing that the existence
of instabilities is related to components of a tensor, =,
changing sign.

The differences between the vectorized neutron star so-



lutions shown in Fig. 1, and their counterparts in scalar-
ization had already cast doubts on the stability of the
former [11]. We have confirmed these suspicions, and
also identified the nature of the instabilities. One of the
potentially tachyonic modes is suppressed in many of the
vectorized stars in line with the original expectation, but
the more problematic ghost and gradient instabilities are
still present, something not foreseen when vectorization
was introduced.

Another striking feature of vectorization is that the de-
viations from GR in the 8 > 0 solutions in Fig. 4 which
are studied for the first time have a much “simpler” struc-
ture compared to the § < 0 case in Fig. 1. We believe
this is related to the large field behavior of the conformal
factor Qy for the vectorization of spherically symmetric
stars behaving differently from that of €24 of scalariza-
tion. The effective mass of both the scalar (Eq. (2)) and
vector (Eq. (5)) fields depend on the conformal factors
4, Qv in their respective theories, since T' = Qif in
Eq. (2). In the most familiar case of scalarization with
B < 0, the tachyonic nature is suppressed as the scalar
grows since {1y = P9°/2 hecomes strictly smaller. The
opposite is true for scalarization with 8 > 0, which means
Q4 makes the scalar even more tachyonic as it grows.
This does not necessarily lead to an instability since the
nonlinear changes in T can still quench the tachyon for
appropriate coupling functions, but one can encounter
unstable scalarized stars as well [23]. In short, typically
the S < 0 case of scalarization is simpler than that of
B8 >0 [23].

The opposite picture is true for vectorization in a
spherically symmetric spacetime where A° is the only
non-vanishing component, and A, A* is negative. Thus,
the simpler case where Qy = e#4»4"/2 is suppressed with
growing |A%| is that of 8 > 0. Similarly, Z*, also be-
comes less unstable, i.e. less negative, with growing | A°|
for 5 > 0 and Tbg > 0. This means we might expect the
B > 0 solutions of vectorization to behave more closely
to the more familiar 8 < 0 case of scalarization. This
expectation seems to be partially realized in the simplic-
ity of Fig. 4 compared to Fig. 1, and in the fact that
ghost instabilities are suppressed (2% > 0 everywhere)
for some of the vectorized stars with g > 0, unlike their
B < 0 counterparts (see Fig. 3 vs Fig. 6). Nevertheless,
all vectorized solutions we computed are ultimately un-
stable for both positive and negative S.

Even though we have considered a single theory, that of
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action (1), the structure of vectorized objects has been
studied in other models as well [12, 14, 32]. Extended
vector-Gauss-Bonnet theories present an especially in-
teresting case where spherically symmetric vectorized
black holes are known to be entropically disfavored to
Schwarzschild black holes of GR, i.e. the GR solutions
have higher entropy than vectorized black holes for the
same ADM mass [32]. This result is likely due to the
vector field and not due to changing the coupling from
matter to the Gauss-Bonnet term, since scalarized black
holes in scalar-Gauss-Bonnet theories are entropically fa-
vored to those of GR [33], and the stability of at least
some of these objects has been confirmed by numerical
time evolution [24]. Hence, we conjecture that vectorized
black hole solutions of Ref. [32] are also unstable, which
can be investigated by the methods we developed here.

Our approach can be adapted more broadly to any
theory where the linearized vector field equation is of the
form (3). Generalizations of scalarization beyond vectors
also exist [13, 34-38], and are known to suffer from similar
problems [15], the only known exception being a specific
form of spontaneous spinorization [39]. Developing tools
for the stability analysis of solutions in these theories is
a future topic of interest.

Finally, we should reiterate that the problem of the
action (4) is not merely the instability of vectorized neu-
tron stars arising from it. Recall that the neutron star
solutions with vanishing vector fields, which are solu-
tions of GR, also suffer from ghost and gradient insta-
bilities [15, 16]. Hence, even if the vectorized solutions
were stable, the question of how the time evolution from
a neutron star with no vector field to a vectorized one
occurs, if it can be defined in a meaningful way at all,
would remain unanswered. On the other hand, our re-
sults show that if it is possible to have an interpretation
of spontaneous vectorization of action (1) as a well-posed
theory, the vectorized stars that are computed so far are
not the astrophysical objects one would want to study
further.
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